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 
Abstract—Spectrum of coupled spin, acoustic, electro-dipole 
and electromagnetic waves in orthorhombic perovskite 
multiferroics placed in external electric and magnetic field has 
been calculated. Frequency and field dependencies of electric, 
magnetic, and magnetoelectric susceptibilities of multiferroics 
with cycloidal antiferromagnetic structure in external electric 
and magnetic fields have been investigated as well. The spectrum 
of coupled waves has a band structure. Width and frequency 
ranges of bands depend on external fields. The possibility of 
control of electrodynamic properties of orthorhombic perovskite 
multiferroics with cycloidal antiferromagnetic structure by 
external electric and magnetic fields has been shown.  
 
Index Terms—Electromagnetic propagation, Magnetic 
susceptibility, Magnetoelasticity, Magnetoelectric effects 
 
I. INTRODUCTION 
owadays, multiferroics – materials with magnetic, 
electric, and often also elastic ordering, attract 
considerable attention for their non-trivial physical properties. 
Mainly, the recent interest is triggered by the discovery of the 
cross-coupling between magnetic and electric ordering in 
orthorhombically distorted perovskite manganites, RMnO3 (R 
= Gd, Tb, Dy) [1, 2]. In such materials spontaneous 
polarization is caused by cycloidal-modulated spin order. 
Orthorhombic perovskite multiferroic TbMnO3 (Pbnm), for 
example, has a cycloidal antiferromagnetic structure at 
temperatures T < 28 K [3]. The modulated magnetic structure 
itself contributes a number of features in the electro-dynamical 
properties of material [4, 5]. The coupled spin, electro-dipole 
and electromagnetic waves in TbMnO3 with cycloidal 
antiferromagnetic structure, it’s susceptibility tensors and 
dynamics of electromagnons in manganites had been 
theoretically investigated earlier [6-11], however the influence 
of external electric and magnetic fields on spectrum of 
coupled spin, electro-dipole, acoustic and electromagnetic 
waves in such material are not studied enough. The present 
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work is devoted to studying of electrodynamical properties of 
orthorhombic multiferroics placed in an external electric and 
magnetic fields of different directions. Investigation of 
dynamics of the coupled excitations in the modulated 
magnetic structures are carried out in approach L  >> b , 
where 2L k   is the period of modulated structure, b  is the 
lattice constant, k  is the wave number of modulated structure, 
when the phenomenological method is applicable. For 
example, in TbMnO3, k ≈ 0.28b
-1
 [3], e.g. L ≈ 22b, in 
GdMnO3, k ≈ 0.2b
-1
 (L ≈ 31b) [12], in DyMnO3, k ≈ 0.35b
-1
 (L 
≈ 18b) [12] and phenomenological method can be used. 
II. GINZBURG-LANDAU FUNCTIONAL OF ORTHORHOMBIC 
MULTIFERROICS 
Method of Lagrange has been used for investigating of 
dynamics of orthorhombic multiferroic. The Lagrangian’s 
expression is L E F  , where E  - the kinetic energy, F  - 
the Ginzburg-Landau function. In case of orthorhombic 
multiferroic: 
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Where 1   2 3 4M M M M M  is the magnetization of 
the crystal; 1   2 3 4A M M M M  is the vector of 
antiferromagnetism; iM  is a magnetization of sub lattices; P  
is the vector of polarization;  P  is the vector of polarization; 
  2ij i j j iu u x u x      is the tensor of deformations; u  
is the displacement vector; w  is the constants of anisotropy; 
1 2, , , ,a u     are the constants of homogeneous exchange; 
,   are the constants of heterogeneous exchange; ,b   are 
the constants of electric and magnetoelectric interactions; 
, ,ijlk ijlk ijlkc b d  are the tensors of elasticity, magnetostriction 
and electrostriction; 
2
cmv z  , where z  and m  are the 
charge and the reduced mass of the elementary cell with the 
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2 2
08g M   , where   is the static 
transversal magnetic susceptibility, g  is the gyromagnetic 
ratio, 0M  is the magnetization of saturation. In (1) we take 
into account only the biggest terms. The physical properties of 
the related terms have been studied in detail in [13, 14]. 
The ground non-collinear state is described by vectors of 
antiferromagnetism and polarization with following 
components: 0 0 0;x yP P   0 0;zP P  0 0;xA   
0 1 sin ;yA A ky  0 2 coszA A ky . Here, y-axis is the 
modulation axis; z-axis is the direction of the spontaneous 
polarization. 
Expressions for determining the parameters of the ground 
state may be obtained from the minimum of Ginzburg-Landau 
function. In case of external electric field E  is collinear to a 
spontaneous polarization 0zP  and external magnetic field have 
all non-zero components: 
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Here, the following notation has been introduced: 
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2 2
, 1,2 2 2,12 2y z A A       , 
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1
3 8 ,p
   3 D3D Δ  
 11 1,2 4 ,ap    2,3 D3B Δ   11,23 3 24 ,a u    2,3 B2,3B Δ  
 11,21 32 ,pa    3 B2,3D Δ  11 4 ,mya    21 24 ,mya    
 2 1 11 2 44 44 8 ,aa u B c
     3 B2B Δ   1 2 3, , ,i i i     ΞiΔ  
 1 2 3, , ,i i i   iΞ  ,B D  , 1,2,3i  , ∆
j
Ξi can be obtained 
from expression for   by changing of j column to vector iΞ , 
ij  is the Cronecker’s symbol. 
III. ELECTRO-DYNAMICAL CHARACTERISTICS 
For investigation of dynamic characteristics one have to 
take into account the system of Lagrange equations for A , 
M , P  and u . Solving the system of equations by method of 
low oscillations, linearizing and using the form of harmonic 
series for variables, in approach of first harmonics for the 
waves, propagating along y-axis, the oscillating amplitudes of 
polarization p and antiferromagnetism a vectors can be 
expressed as ,emi ij j ij jp e h     
me
i ij j ij jm h e    , where 
ij , ij  are the tensors of electric and magnetic susceptibility, 
consequently,  
*
me em
ij ij    is the magnetoelectric 
susceptibility tensor. 
The expressions for susceptibilities tensors on example of 
TbMnO3 placed in external magnetic and electric fields have 
been obtained in [11]. Electric and magnetic susceptibility 
tensors are diagonals. Magnetoelectric susceptibility tensor 
has different non-zero components, depending on the direction 
of external magnetic field. For example, ||H x  activates only 
one component mexz ; ||H y  and ||H z  activates two 
components 
me
yz , 
me
zy  and 
me
yy , 
me
zz , consequently. 
Let us examine the details of the one of cases, when 
||H x . Tensors ij  and ij  have the following components: 
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The magnetoelectric susceptibility tensor meij  has only 
one non-zero component: 
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magnetic and antiferromagnetic subsystems,
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transversal x and z polarized acoustic waves, q is the wave 
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characteristic frequency of antiferromagnetic oscillations. 
Bij
  and Dij
  are the characteristic frequencies of magneto-
acoustic and electro-acoustic interaction. 
 ,A y z
me  caused by 
electromagnons contribution into oscillations. 2  also 
contains the contribution of electromagnons 102 P k
   which 
appear only in modulated (k ≠ 0) non-collinear phase (in 
collinear phase P0 = 0). 
Equations ( , ) 0ai
    (i = x,y,z) correspond to the spectrum 
of coupled antiferomagnetic i-polarized and acoustic waves. 
Equations like 
2
0azay az ay
          correspond to the 
spectrum of coupled antiferromagnetic, acoustic and electro-
dipole waves caused by magnetostriction and 
magnetoelectricity. Equations like 0pz mxmx pz mx pz      
correspond to spectrum of coupled antiferromagnetic, 
magnetic, electro-dipole and acoustic modes of oscillations 
caused by magnetostriction, electrostriction, 
magnetoelectricity and exchange interactions between 
antiferromagnetic and ferromagnetic subsystems. If we put the 
denominators of yy  and zz  equal to zero, we will get the 
spectrums of coupled ferro- and antiferromagnetic oscillations. 
When 0H , 0meij  . So, an external magnetic field 
activates some components of the tensor. Note, that this is the 
feature of the model. In ground state we put M0 = 0 in absence 
of external magnetic field. Indeed the magnetization is very 
small, but not equal to zero. 
Since k , 1A , 2A , 0P  and 0iM  are the functions of H  and 
zE , defined from solution (2), so the resonant frequency 
values depend on values of both electric and magnetic fields. 
For values of constants (TbMnO3)   ~ 
1410  cm2,   ~ 
2810  cm
4
, a  ~ 100, u  ~ 0.1, w  ~ 10 ,   
~ 100, b  ~ 0.4,   
~ 
910 , 1,2  
~
 
410 , for example, 
2
1xz  vary in range of 
2 2
1 1 max0 xz xz     with changing of xH , and take a maximum 
about 
2
1 maxxz  ~ 
2110  s
-2
 in field xH  ~ 
510  Oe (10 T). Fig. 1 
shows this dependence. The frequency   changes with the 
electric field on value about  
1 2
1 1
zk b E
      ~ 1010  s-1 
for zE  ~ 100  CGSE (about 30 kV/cm). It shifts the resonant 
frequency corresponding to interaction of electromagnetic 
wave with antiferromagnetic subsystem to lower frequencies 
on value about 1xz  and to higher frequencies on  .  
IV. SPECTRUM OF COUPLED WAVES 
To investigate the spectrum of coupled waves in 
orthorhombic multiferroic one have to take into account the 
system of Maxwell’s equations with material equations 
,emi ij j ij jp e h     
me
i ij j ij jm h e    , where ij , ij  and, 
me
ij  are given in [11]. Study shows that dispersion equations 
are the followed: 
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 (4) 
Here, 1 4ii ii    , 1 4ii ii     – permittivity and 
permeability tensors, consequently, c – velocity of speed in 
vacuum.  
So, wave will split into two waves of different 
polarizations. In some cases, transversal electromagnetic wave 
will excite a longitudinal one, and vice versa. Solving the 
dispersion equations (4), we will get a spectrum of the coupled 
spin, acoustic, electro-dipole and electromagnetic waves. 
 
 
Fig. 1.  Field dependence of shift frequency 1xz  of orthorhombic perovskite 
multiferroic (TbMnO3) placed in magnetic field H||x and electric field E||z. 1 
– E = 0 CGSE, 2 –E = 100 CGSE (about 30 kV/cm), 3 – E = 500 CGSE 
(about 150 kV/cm). 10 kOe = 1 T. 
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Fig. 2 shows the spectrum of coupled waves in case of 
magnetic field directed along y-axis with z-polarized electric 
component of electromagnetic wave. The spectrum has a 
complex band structure. Band gaps observed as for 
electromagnetic, such for acoustic waves. This effect is 
manifested due to resonant interaction between subsystems of 
multiferroic. Width and frequencies of band gaps depend on 
external electric and magnetic field values. On the lower inset 
is shown the interaction of ferromagnetic and acoustic modes 
of oscillations. One can see that increasing of magnetic field 
leads to increasing of frequency of magnetic oscillations and 
increasing of magneto-acoustic gap. When magnetic field is 
more than Hc (about 75 kOe or 7.5 T in case of magnetic field 
directed along y-axis for TbMnO3 [1]), antiferromagnetic 
structure transforms from the non-collinear cycloidal to the 
collinear sinusoidal (A1 = 0) and the spontaneous polarization 
along z-axis disappears, and the magnetoelectric mode 
suppress [15]. Applying of magnetic field a little more than 
the critical value leads to abruptly decrease of frequency of 
magnetic oscillations and magneto-acoustic gap. Applied 
external electric field induces polarization, and leads to 
resuming of cycloidal structure. So, the value of critical 
magnetic field shifts with applying of an external electric field 
to higher values. It leads to decreasing of magneto-acoustic 
gap and increasing of magnetic oscillations frequency by 
electric field. On the top inset is shown the interaction of 
antiferromagnetic and electromagnetic modes. Applying of 
external electric field leads to increasing of antiferromagnetic 
oscillation frequency. As mentioned above, in absence of 
external magnetic field 0meij   and the alternating electric 
field will no excite magnetic oscillations. How it has been 
shown in [11], meij  significantly differ from zero only near 
the resonant. And exciting of longitudinal component of 
electromagnetic wave will be observed only in this narrow 
frequency range. 
V. CONCLUSION 
Study on spectrum of coupled spin, acoustic, electro-dipole 
and electromagnetic waves in orthorhombic perovskite 
multiferroics showed that the spectrum has a complex band 
structure. Its width and frequency ranges depend on electric 
and magnetic field values and directions. The electric, 
magnetic, and magnetoelectric susceptibility tensors depend 
on external fields as well. Since reflectance and transmittance 
of electromagnetic waves can be expressed trough 
susceptibilities, it is possible to tune these characteristics by 
electric and magnetic fields. Electromagnetic wave of 
arbitrary polarization decays into two waves of different 
polarization with different phase velocities. This effect is 
observed mostly at frequencies near the band gaps. The 
difference between the velocities depend on external fields 
values. So, one can control the electrodynamic properties of 
such multiferroic by both electric and magnetic fields. 
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Fig. 2.  Spectrum of coupled waves of orthorhombic perovskite multiferroic 
(TbMnO3) placed in magnetic field H||y and electric field E||z. 1 – H = 10 
kOe (1 T), E = 0 CGSE, 2 – H = 10 kOe (1 T), E = 100 CGSE (about 30 
kV/cm), 3 – H = 40 kOe (4 T), E = 0 CGSE, 4 – H = 40 kOe (4 T), E = 100 
CGSE (about 30 kV/cm), 5 – H = 75 kOe (7.5 T), E = 0 CGSE, 6 – H = 75 
kOe (7.5 T), E = 100 CGSE (about 30 kV/cm). 
